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MODELING AND PROPERT IES OF A FLUX-PINNED NETWORK 

OF SATELLITES  

Michael Norman and Mason A. Peck 

Satellite formations typically have to rely upon active control methods 

to maintain stable configurations. This requirement imposes an 

associated cost on the satellite through fuel expenditure, actuator mass, 

and the necessary computational power for the controller. This paper 

proposes utilizing the flux-pinning interaction between a 

superconductor and a magnetic field as a means to passively stabilize a 

satellite formation at equilibrium, reducing these costs. By modeling 

the flux-pinning effect as a set of linear equations, we can examine the 

stability of such a system. We apply this design to examine a passive 

formation keeping task in a two-body and a tetrahedral formation of 

satellites. 

INTRODUCTION  

The modeling and control of satellite formations has been a topic of recent interest.  Dividing a 

mission between spatially separated satellites has the potential to increase scientific gains and mission 

lifespan while reducing construction costs
1
. Formation expansion and repair also represents a potential 

advantage associated with satellite formations. Creating a formation of similarly equipped satellites creates 

a redundant system capable of longer baseline observations than a single monolithic satellite could perform. 

With the further development of control theory specifically applicable to this topic of satellite formations
1-8

, 

researchers strive to develop novel means to actuate these formations. While it would be theoretically 

possible to have all relative positioning maintained via active control over the attitude and positioning 

systems of each satellite, this solution has the potential to be very expensive in terms of fuel expenditure 

and computational cost. To help alleviate this cost, we can attempt to augment the dynamics of the satellite 

formation by introducing additional physics. 

 

Figure 1. A conceptualization of a large, deformable network of 

satellites in orbit held together by a non-contacting interface. 



 One popular approach is the concept of a tethered system of satellites, where connections between 

satellites are maintained via a physical cable system
5, 6, 7

. While allowing for relative station-keeping over 

large distances, this plan has to contend with the inherent restriction to tensile forces between the satellites. 

In order to guarantee the tethers are in tension and therefore can be approximated as linear relationships, 

the formation is generally spun, which could possibly induce further complications with regards to system 

architecture and stability.  

Another approach is to utilize the attraction between two actively controlled magnetic fields 
8
. 

Effectively utilizing force acting from a distance, this solution removes the physical connection between 

modules, potentially allowing for increased flexibility in formation arrangements. From Earnshawôs 

Theorem, we know that no configuration of magnetic dipoles is passively stable. As such, this solution still 

requires active control to maintain a stable formation.  

Our approach relies upon another electromagnetic interaction to create force at a distance in the 

form of flux-pinning. Through the associated physics, we can affect action at a distance without the 

necessity of active control for stability or physically connecting the satellites. By creating a passively stable 

connection in several degrees of freedom between satellites, we hope to create a passively stable space 

structure. The flux-pinning interaction is dependant upon many factors, with two easily controllable ones 

being superconductor temperature and magnetic field strength.  

 

Figure 2. Characteristic flux-pinning magnetization in 

superconductors compared to an applied magnetic field
9
.  

One limitation to note is that as observed in experimentation, the stiffness of the flux-pinning connection 

decreases exponentially with increased separation, limiting the range over which it is practical to 

implement 
10

. As the magnetic field upon which the stiffness and damping capabilities of flux-pinning 

depend reduces as an inverse cubic function, the strength of the connection between satellites quickly drops 

as the separation between them increases. With this in mind, we will be examining satellites held in very 

close proximity (1-10cm range). 

While this restriction does place a limit upon the viable applications of a flux-pinning interface, it 

still benefit from the fault-recovery, redundancy, and growth inherent in a satellite formation approach. Of 

particular interest would be enhancing in-orbit construction capabilities. By creating a passively stable 

structure with non-contacting components, one eliminates problems such as momentum buildup, plume 

impingement, and electrical discharge during assembly. Having the capability to ignore these problems 

typically encountered when assembling large space structures represents a valuable asset when attempting 

to reduce the total cost of a structure and its control. 

Flux-Pinning 

Flux-pinning represents the interaction between a magnetic field and a type II high-temperature 

superconductor (HTSC). As a magnetic field is brought in proximity of a cooled superconductor, the 

magnetic flux lines begin to penetrate the surface and become pinned in place
9
. The penetration of the 



magnetic flux generates current vortices in the superconductor. These vortices resist changes in the 

magnetic flux, resulting in a restorative force tending to keep the source of the magnetic field at a relative 

equilibrium. 

 

Figure 3. A 0.75ò cylindrical magnet suspended over a yttrium 

barium copper oxide (YBCO) superconductor via the flux-pinning 

interaction. 

Fig. 3 demonstrates the levitation of a magnet over a HTSC. This type of levitation has been extensively 

studied and put to use in various devices including mechanical bearings
9
. 

The flux-pinning interaction is a highly hysteretic one, where past changes in the flux effect the 

current potential of the restorative force. However, when dealing with small deviations from the 

equilibrium position, a six degree of freedom spring-mass-damper system. With this linearized model, we 

can predict the restorative force about a relative equilibrium and incorporate this relation into a 

mathematical model for a satellite network
10

. The force due to an axially symmetric magnetic field results 

in an effective pinning in five degrees of freedom, leaving the rotation about the axis of symmetry 

unaffected. Assuming small translational displacements xŭrand small rotational displacementsɗŭrfrom a 

set equilibrium, we can formulate the force and torque felt on the source of the magnetic field. 
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Eq. (1) effectively describes in vector form the proposed linearized force and torque components of the 

flux-pinning interaction with mass matrix M , damping matrix D, and stiffness K
10

.  

SYSTEM MODEL  

Nonlinear Formulation 

We consider a formation of an arbitrary number of satellites, n. The i
th
 satellite is represented by a 

point mass mi and its position is denoted by the vector Ri. The derivatives of these vectors are denoted by 

an over script letter representing the frame in which they are taken. The vector Rc points to the center of 

mass of the formation, which we restrict to a circular orbit about the central mass with a standard 

gravitational parameter ɛ. 



R c

R
i

N frame

C frame

mi

M

Formation

Center of Mass

 

Figure 4. The generalized layout of a satellite formation in orbit 

with inertial frame N and non-inertial frame C. 

There are two frames which we will be concerned with: the inertially fix N frame and the non-inertial C 

frame, which rotates at the orbital rate of the center of mass. We consider each mass linked to every other 

in the system via flux-pinning, with the stiffness and damping matrices between the i
th
 and j

th
 satellites 

given by K ij  and Cij . The vector between the i
th
 and j

th
 satellites where no relative force is felt due to the 

stiffness is given by L ij .  
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Figure 5. A close-up of the forces acting on the i
th

 satellite and 

important associated vectors. 

Fig. 5 depicts the relevant vectors associated with the i
th
 satellite. Ri represents the position vector from the 

central body to the i
th
 satellite, r i describes the equilibrium position under the influence of gravity and flux-

pinning, and ɟi represents a small displacement from that equilibrium to the satelliteôs actual position. 



In the absence of external disturbances, we consider three forces on the i
th
 satellite: gravitation, 

total stiffness, and total damping. The vector expressions for each of these forces are given in Eq. (2), (3), 

and (4).  
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With these forces defined, we can sum them together and equate with the second derivative of the satellite 

position with respect to time in the N frame, effectively utilizing Newtonôs second law. 
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As we are interested in the relative motion of the masses with respect to each other, we need to transform 

the derivatives with respect to the N frame into ones with respect to the C frame. We accomplish this 

through application of the transport theorem. Defining the angular velocity vector describing the orbit of 

the center of mass as ɤ, we express the second derivative of Ri in the rotating frame. 

 ii

CCC

i

NN

i RɤɤR2ɤRR  (6) 

 
n

j

n

j

i
i

m
m

1

1
2/3

i

C

j

C

ij

ijijiji

ii

ii

CCC

i

RRC

LRRKR
RR

RɤɤR2ɤR

 (7) 

Eq. (7) represents the fully nonlinear equation of motion for the i
th
 satellite. Examining this equation for all 

satellites in the formation provides a complete picture of the motion of the system.  However, we wish to 

assess the stability of the formation in a linear systems sense, so we must linearize this set of equations. 

Linearization 

To linearize Eq. (7), we need to first define the equilibrium position for the system, then examine 

the problematic gravity term given by Eq. (2) by assuming small motions relative to the defined 

equilibrium. 

Equilibrium Definition. To define the equilibrium of Eq. (7), we simply set all derivatives taken in the C 

frame equal to zero. If we were to consider the equilibrium position vector of the i
th
 satellite to be r i, these 

substitutions turn Eq. (7) into Eq. (8). 
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In order to be considered at equilibrium, the vector r i must satisfy Eq. (8). A study in gravity gradient 

stabilization of rigid bodies in orbit also indicates that the principle axes of the satellite formation must be 

aligned so that one is parallel to Rc and another is perpendicular to the orbital plane in order to have zero 



gravity-based torque
11

. Effectively, this states that the inertia dyadic of the satellite formation when 

expressed in the rotating C frame must be diagonal. 

Gravity Term Linearization. The only nonlinearity in Eq. (7) comes from the gravity term Fgi. Similar to 

the derivation of the Clohessy-Wiltshire equations, let us define Ri = r i + ɟi where ɟi represents a small 

change in the position of the i
th
 satellite from its equilibrium position

12
. Examining the denominator of Fgi 

we can neglect terms of more than linear order of ɟi. 
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Subsequently using the generalized binomial theorem on Eq. (9), we can move all terms involving the 

variable ɟi into the numerator while again ignoring terms higher than linear in order. 
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Substitution of Eq. (10) into Eq. (7) results in the approximation in Eq. (11). 
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Eq. (11) can be further simplified by again removing terms of greater than linear order in ɟi and noticing 

that we can subtract from both sides of Eq. (11) the equilibrium condition found in Eq. (8). 
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We then express Eq. (12) in the C frame, allowing us to make use of the property i

T

iiii

T

i ɟrrrɟr  . This 

substitution allows us to extract the ɟi term. 
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Eq. (13) can then be rearranged into a standard form for a set of differential equations. 
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These matrices correspond to the mass, damping, and stiffness matrices in the general formulation for a 

system of second order ordinary differential equations. 

The M matrixôs composition is self-evident. The C
~

 matrix can be decomposed into the sum of 

matrices 
2C

~
 and

2C
~

. 
1C

~
 represents an induced damping stemming from describing the motion of a rotating 

system, while
2C

~
corresponds to the damping of an equivalent structure due to flux-pinning outside of any 

external influences. The K
~

 matrix can similarly be decomposed into the sum of three matrices. 
1K

~
 

corresponds to an induced stiffness coming from the rotation of the system. 
2K

~
 results from the effects of 

gravity on the structure. 
3K

~
 is the stiffness inherent in the structure due to the flux-pinning effects. 

Stability Analysis 

We assess the stability of the system of linear second order ordinary differential equations in Eq. 

(14) by examining the component M
~

, C
~

, and K
~

 matrices. A conclusion regarding the stability of the 

system can be reached by examining the total energy of the elements. We define the Lyapunov function as 

the total energy of the system. 
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The system defined in Eq. (14) can be said to be asymptotically stable if it is statically stable and 

completely damped
11

. To meet these conditions, the K
~

 and C
~

 matrices need to be positive definite. Note 

that as the 
1C

~
 and 

1K
~

 terms are skew-symmetric, pre and post multiplication by any real vector q 

necessarily results in zero. 
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 (19) 



Consequently, these terms do not affect the questionable positive definite status of the system. As these 

terms correspond to the effects of being in a rotating frame, we can examine the same formation in an 

inertial frame and still comment on the rotating systemôs stability. 
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Upon examination we see that these matrices include zero eigenvalues, corresponding to the rigid body 

modes of the formation resulting from the lack of a grounding connection. The Keplerian orbit of the center 

of mass encompasses this rigid body motion and is well understood, leaving us to examine the remaining 

eigenvalues to assess stability. Examining only 
2C

~
 and 

3K
~

, we notice that they correspond to a system 

without the effects of gravity fully connected via real springs and dampers. Under these conditions, we 

would expect this hypothetical system to be asymptotically stable. The addition of the 
2K

~
 matrix to the 

equation brings into question the positive definite status of the effective stiffness matrix. This concern 

corresponds to the short-ranged effects of the flux-pinning interface. As the separation between satellites 

increases, the 
2K

~
 matrix begins to dominate and destabilizes the system. 

SIMULATION  

In order to demonstrate the passive formation-keeping ability of the system, we created several 

computer simulations of such a system, exemplified by a two-body case and a tetrahedral formation. In 

both simulations we assume all satellites are of equal mass (5 kg) and with the center of mass of the 

formation resting at 350 kilometers above the Earth. As indicated in Ref. 9 and 10, the linearized stiffness 

and damping matrices depend not only on separation distance and relative orientation, but also the strength 

of the magnetic field, surface area of the superconductor, and relative geometry of the interface. We assume 

in both cases that the stiffness and damping of the flux-pinning connection is a diagonal matrix when 

expressed in a frame where the vertical direction is along the relative position vectors between satellites. 

The stiffness is can be approximated by an exponential decay multiplied by a scaling factor related to the 

magnetic field strength at the magnetôs surface
10

. 
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In Eq. (21) d is the separation between the modules in mm and b0 is the surface strength of the magnetic 

field. We know that the lateral stiffness should be approximately half of the vertical, confirmed through 

experimentation
13, 14

. Combining this knowledge and the result of Eq. (21), we can construct an 

approximation for the individual K matrices expressed in coordinates where the direction between the 

modules in question is the local vertical. We assume the damping matrix scales similarly to the stiffness 

and is 1/500
th
 of its value. These matrices are expressed in frames directed between the modules, and need 

to be rotated into the appropriate frame before performing numerical simulation. 

Two-Body Case 

In the two body case, we set the equilibrium of the two modules in the out of plane direction with 

a 5 cm separation. From this equilibrium, we can vary the initial conditions of the system and examine the 

system response. In order to examine this response, we moved one module relative to the other 2.5 cm in 

every direction in the local C frame from the equilibrium position. 



 

Figure 6. Representation of a two body formation perpendicular to 

the orbital plane. 

.  

Figure 7. Orbit of two modules with and without flux-pinning with 

an initial displacement from the relative equilibrium. Note the axes 

scaling. 

From Fig. 7 we see that once the motion from the initial displacement from equilibrium has damped out 

sufficiently, the satellites settle into stable parallel orbits. This is clearly in contradiction to the orbital 

behavior of the satellites without the flux-pinning interface. In this case, the satellites obviously follow 

orbits in distinct planes, and flip their relative orientation every half-orbit. 



 

Figure 8. Displacement vs. time of the two-module case with an 

initial displacement from the relative equilibrium. 

In Fig. 8, we examine the motion of the two satellites relative to the desired equilibrium positions. 

Again, there is a clear disparity between the cases with and without flux-pinning. In the flux pinning case 

we see the formation regaining equilibrium after suffering the displacement. These results demonstrate the 

formation returning to its equilibriums state after an initial displacement in a manner typically associated 

with a second order system response. Without flux-pinning, the motion of the satellites becomes periodic in 

the out-of-plane and cross track direction, while the separation in the in-track direction continues to 

increase with every orbit as a result of being at different orbital radii and thus different orbital velocities. 

Tetrahedral Case 

In the tetrahedral formation, we place the satellites at corners of a 5 cm cube. Again we adjusted 

the initial conditions of the formation and examined the response of the system. The initial condition 

displaced one of the satellites 2.5 cm in every direction in the local C frame from its equilibrium position. 



 

Figure 9. Representation of a tetrahedral formation of satellites in 

a circular orbit.  

 

Figure 10. Orbital motion of a tetrahedral formation of satellites 

with and without flux -pinning. Note the scale of the axes. Due to 

the small relative positions between the satellites compared to the 

orbital size, the paths appear to merge. 

Fig. 10 depicts the orbits of a tetrahedral formation of satellites with and without flux-pinning 

affecting the relative motion of the individual satellites. The tetrahedral simulation took place over several 

orbits, obscuring the steady-state portion of the systemôs response in Fig. 10. However, the decay of the 

response is still apparent. Without the flux-pinning, we observe that the satellites enter independent 

intersecting orbits about the central mass. 



 

Figure 11. The displacements from the center of mass of each of the 

modules in a tetrahedral formation with and without flux-pinning. 

In Fig. 11 we observe the motion of the satellites relative to the center of mass of the formation. 

Similar to the results from Fig. 8, the formation with flux-pinning demonstrates typical second-order 

system behavior, with a transient response followed by steady-state equilibrium. Similar to the two-module 

case without flux-pinning, we see that the tetrahedral formation without flux-pinning suffers similar 

periodic motions in the cross-track and out-of-plane directions, and an increasing displacement in the in-

track direction due to differences in orbital velocities. 

CONCLUSIONS 

Flux-pinning creates a passively stable connection between objects in multiple degrees of 

freedom. Typically the magnitude of the pinning force is too weak to create cost effective complicated 

multi-body structures on the Earthôs surface, but are sufficient to resist the effects of gravity when placed in 

orbit. These virtual structures have the advantage of a non-contacting interface, easing the tasks of 

construction, repair, and expansion in space. While current experimentation indicates that the flux-pinning 

effect in a simple arrangement has limited effective range, the separation distance between modules could 


